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QUESTION 1 [6]
1.1. If the nullity of the linear transformation T: P, = M, is 3, then determine the rank of T. [3]

1.2. Prove that a square matrix A is invertible if and only if 0 is not an eigenvalue of A. [3]

QUESTION 2 [16]

Determine whether each of the following mappings is linear or not.

2.1. T:F - F defined by T(f) = (f(x))?, where F is the vector space of functions on R. [5]
2.2. T:My, = My, defined by T(A) = AC — CA, where Cis a fixed n X n matrix. [11]

QUESTION 3 [11]

Let T: R? -» R3 defined by T 1 = i and T[] = é . Find T[2] and use it to determine T[2.
1 3 | 4 b 2

QUESTION 4 [8]

Let F be the vector space of functions with basis S = {sint, cost, %'}, and let D: F — F be the
differential operator defined by D(f(t)) = f'(t). Determine the matrix [D]s representing D in the

basis S.

QUESTION 5 [11]

X1

X X1 — Xy + X3 Ss X4
Let L: R* — R3 be the linear mapping defined by L x2 = |2X1- 2X; + 3x3 +4Xx, |

Xi 3%y - 3%, +4x3 + 5%y

Find the basis and the dimension of the image of L.

QUESTION 6 [11]

Consider the bases B = {1 + x + x?,x + x?,x? }and C = {1,%,x? } of P,.

6.1. Find the change of basis matrix Pg._¢ from C to B. (8]

6.2. Use the result in part (6.1) to compute [p(x)]g where p(x) = 2 + x — 3x2. [3]
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QUESTION 7 [26]

4 0 -2
Consider A = (2 5 4
0 0 5

7.1. Write down the characteristic polynomial P(A) of A and use this to find the eigenvalues of A. [6]

7.2. Find the eigenspaces corresponding to the eigenvalues of A. [17]
7.3.1s A diagonalizable ? If so, find an invertible matrix P that diagonalizes A. [3]
QUESTION 8 [11]

Find an orthogonal change of variables that eliminates the cross-product term in the quadratic form

g(xy, Xy, Xz) = 3x2 + 2x% + 4x,X, and express q in terms of the new variables.
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